A study of non-divergent propagation of whistler waves in plasma ducts. by Ng, Chi Shing. & Chinese University of Hong Kong Graduate School. Division of Physics.
A STUDY OF NON-DIVERGENT PROPAGATION
OF WHISTLER WAVES IW PLASMA DUCTS
《 哨 聲 波 在 等 離 子 體 管 道 內 的 非 發 散 傳 播 》
by
NG.CHI SHING
（ 吳 志 成 ）
A Thesis Submitted In Partial Fulfillment
of the Requirements for the Degree of
Master of Philosophy in Phvsin-q











2. General Analysis Of Longitudinally Magnetized




2.1.1 Basic As surnptions
6
2.1.2 Wave Equation And Dispersion Relation
8
2.1.3 Polarization To Each Mode
13
2.2 Conditions For Trapping In Waveguides 14
3. Trapping In Ducts
17
3.1 Trapping In Parallel-plane Duct
17
3.2 Trapping In Cylindrical Duct
20
33.3 The Effect Of Boundary
25
4. Trapping Conditions Of Whistler Waves
Diagram Representation 30





4.2 Conditions For Ducting Due To Variation
Of Electron Density Or Magnetic Field 38
5. Comparison With Experimental Results
And Previous Theory 48
5.1 Verification Of Recent Experiments
46





I wish to express my gratitude to my supervisor, Dr.
H.M. Lai, for his patient guidance and many valuable
suggestions.
The fiancial support of the Institute of Science and
Technology of The Chinese University of Hong Kong is
nnrcdilly acknowledged.
5ASTRACT
Whi stlers propagate from hemisphere to hemisphere
without `dispersion. They are thought to be guided throughA
the magnetosphere by `ducts' (field-aligned irregularities).
Ray theory (wraith, He l l iwe l l and Yabrof, f, 1960) had been
introduced for the purpose of finding. the trapping
conditions of whistler waves in ducts.
Recent experiments (Stenzel, 1976a, 1976b Sugai et
al., 1978) stimulate further theoretical studies in this
area. In this thesis a wave theory is developed. By
considering a waveguide model, the trapping conditions are
deduced. These results are displayed in diagrams. From
these diagrams, the experimental results can be explained
easily. Within the limit of geometric optics, the previous
theory can also be recovered.
1CHAPTER I
INTRODUCTION
Before the turn of 20th Century, descending whistling
tones were noted by telephone and telegraph workers
(Volland, 1982). Scientists were attracted by this
phenomenon and tried to account for the cause of such
`whistlers'. Whistler propagation has been studied widely
in the past three decades (e.g. Storey, 1953 Helliwell,
1965) and is now still an interested research topic (e.g.
Stenzel, 1976a, 1976b Sugai et al., 1978 Karpman et al.,
1983, 1984). From the study of whistlers, plasma
distribution and electric field in the magnetosphere can be
examined. Whistlers can also provide means of studying
plasma flows between the magnetosphere and the ionosphere
(Volland, 1982).
It is now generally accepted that whistlers are
electromagnetic waves in the audiofrequency range( wave
frequency w 0.3 to 30 kHz}. They are often originated in
lightning discharges, propagating along the geomagnetic
field lines from one hemisphere to the other with very
little angular dispersion. The latter phenomenon is called
ducting (Helliwell, 1965). The wave energy is thought to be
trapped by ducts which are formed by electron density
irregularities in the ionosphere. The lifetime of a duct
may vary from a few minutes to many hours.
2While the phenomenon of the descending tone can be
explained with the dispersion relation of electromagnetic
waves in a magnetoplasma, the ducting phenomenon is still a
topic of much recent interest.
A ray theory of whistler propagation in ducts was
introduced by Smith, Helliwell and Yabroff (1960). By use
of a graphical method with the refractive index surface and
a Snell's law construction, they showed that whistler waves
could be trapped both in ionization :dens•ity crest or
ionization density trough. Using the theory they found
that the enhancement requited for trapping increased
markedly toward the equator. They also noticed that the
refractive index surface went through a topological change
when the ratio of the wave frequency( w) and the
gyrofrequency( n) of the electrons in the ducts was equal
to 1/2. Therefore the conditions for ducting were also
different in different frequency ranges. They deduced. the
necessary conditions for trapping in both cases( i.e. 2w
S2 and 2w S2) and confirmed the qualitative idea that
whistler energy was trapped in ducts.
However, there are several limitations in the model
of Smith et al. (i) the ray theory is based on the
principle of geometric optics which requires a lower limit
on the transverse size of the ducts, i. e., the transverse
size has to be much larger than the wavelength of the
whistler in the medium (ii) the expression of the
3refractive index they used.is a simplified one in which the
plasma frequency is assumed to be much greater than the
geometric mean of the wave frequency and the gyrofrequency
of the, electrons( wp2 cQ (iii) the wave frequency is
assumed to be less than the gyrof requency( w c2 (iv)
the contribution of ions and the loss in the medium have
been neglected.
More recently, laboratory experiments-on the ducting of
antenna-launched whistler waves were performed. by R. L.
Stenzel (1976a, 1976b) and H. Sugai et al. (1978). These
controlled experiments could proiide detailed diagnostics,
wide range and reproducibility of parameters. These
experiments showed that a density trough could duct whistler
waves leading to non-divergent wave beams. The results of
the experiments were used to compare with the theoretical
picture. In these experiments the wavelengths of the
whistler waves were comparable to the size of the density
troughs or ducts. This condition situated beyond the
validity of the theory of Smith et al.
The purpose of this thesis is to study theoretically
the trapping of the whistlers from a wave theory point of
view. Since whistler waves can be considered to propagate
in a plasma waveguide, a general discussion about
longitudinally magnetized homogeneous plasma waveguides is
given in Chapter II. A simple waveguide model is.suggested.
The basic assumption and the notations which we shall
generally use in this thesis are also established. The wave
equations and the dispersion relation of homogeneous cold
magnetoplasma is discussed. From the dispersion relation,
we shall see that in general two propagating modes can exist
in such an anisotropic medium. Then the conditions for wave
f
trapping in waveguides are deduced. We find that if the
longitudinal wavelength and the wave frequency are fixed,
the trapping conditions are only determined by the electror
density and the intensity of the magnetic field in the
medium outside the waveguide.
In chapter III, the ducts will be treated as dielectric
waveguides. Homogerfeous tiongitudinally magnetized
•q
parallel-plane plasma duct is first discussed. By
considering the x-component of the Poynting vector, we show
that there is no real electromagnetic power flow along x-
C-VV K — JLwlcX'U— u Cc -VW 'X .
direction. Then we argue that for a given wave frequency
and the longitudinal wavelength, the trapping conditions are
only determined by the ionization densities and the
intensities of the magnetic fields in the regions inside the
duct and outside the duct. If- the system-is—z-independent.,
ftie geometry of the duct and the variations of the
ionization density in the boundary region are not important
factors to affect the ducting process. The results are then »
extended to consider a plasma waveguide with circular cross
section.
5In chapter IV, the conditions for trapping are
displayed in a two-dimensional X--Y diagram, where X= wp2/w2
and Y The diagram is in a way similar to the
Celmrnow-Mullaly-Allis( CMA) Diagram which classifies the
various propagating modes in a magnetoplasma. The ducting
regions and the conditions for ducting are shown. The usage
of the diagram is then discussed. The theoretical results
are compared with the experimental results of Stenzel
(1976a, 1976b) and Sugai et al. (1978).
In comparison with the theory of Smith et al., the
limitations (i), (ii) and (iii) mentioned above are not
present in our theory. We have e T neglected the
contribution of ions and the.loss in the medium. In fact,
the effect of the ion motion is unimportant except for low-
frequency whistler waves. The experimental results can be
explained easily. We believe that the present theory
deserves wider consideration. The restrictions on the
geometry of the ducts and the frequency range of the
whistler waves, have been largely lifted. Besides, the
theory can be applicable even if both the magnetic field and
the electron density are not uniform.
6CHAPTER II
GENERAL ANALYSIS OF LONGITUDINALLY
MAGNETIZED HOMOGENEOUS PLASMA WAVEGUIDES
2.1 Waveguide Model
Whistler waves propagate approximately in the direction
of the earth's magnetic field. Storey (1953) suggested that
the whistler waves were trapped in columns of auroral
ionization which were acting like waveguides. In this
chapter we shall discuss the homogeneous, longitudinally
magnetized plasma waveguides in which whistler waves can be
trapped. Consider a system containing two homogeneous
plasma media in contact. The boundaries are parallel to-the
z-axis. Each medium contains longitudinally magnetized
plasma. We shall consider the situation where waves cannot
propagate along the transverse direction (x-direction) in
the outside medium (Medium II), i. e., waves are trapped to
propagate in the central medium (Medium I) (Fig.1).
2. 1, 1 Basis Assumption
In this thesis we are restricted to high-frequency
electromagnetic waves so that the ion motions can be
neglected 'this requires the wave frequency
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Fig.l A Waveguide Model For General Analysis Of Longitudinally
Magnetized, Homogeneous Plasma Ducts. (It can be a parallel-
plane waveguide or a cylindrical waveguide.)
8to discuss is composed of lossless plasma media with
electron density nl in medium I and n2 in medium II. The
charge and the mass of each electron are -e and m
respectively.. External magnetic fields are applied to the
media along z-axis. The system is assumed to be uniform in
the direction. Therefore, we need only consider waves
whose wave electric field E is of the form: exp(ik,z-iwt).
While both w and k., are- taken to be real, the transverse
„variation of the electric field are to be deermf
The plasma is assumed to cold throughout this chapte]
A plasma is termed 'cold' if:
where ri= 0, 1, 2, 3...... = eB/m is the gyrofrequency
and sdth= (kBT/rri) is the thermal speed of electrons and
kB is the Boltzmann Constant
2.1.2 Wave Equation Arid Dispersion Relation
From Appendix A, the source free solution for the z-
components of the electric field and magnetic field in a
longitudinally magnetized homogeneous plasma waveguide can
be described by the coupled wave equations
(2. 1)
(2.2)
is the plasma frequency
is the gyrofrequency of the
electron and the svmbo is the gradient perpendicular tc
4- V» rr» —o v 4 c
Equations (2.1) and (2.2) can be transformed into twc
uncoupled set of equations :
(2.3;
(2.4
The Rn1ijhinn« rnav be written
where Es arid E22 satisfy the equation :
and
f
are solutions to :
In the following of this chapter, only plane waves are
discussed, i.e., the solutions of E„ and B,, are in the formy i y.
s-.-P C. VI Therefore can be considered as
transverse components of the propagation wave vector.
Without loss of generality, we assume that the wave
vector k is lying on the x-s plane {Fig. 2). Therefore kj_
can be written as k. and :
where
is the vector index of refraction of the wave in the mediuri
Equation (2.5) relates the transverse components of the
propagation wave vectors kJ_i, the frequency co and other
propagation constants. The dispersion relation can be found
explicitly in the following forms :
(2.5]
(2.6
Pig.2 Orientation Of Coordinates Axes With Respect To Statii
— —
Magnetic Field B And Propagation Vector k.
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if both N and N, are real quantities, then we can
and Ns ine= N,..





Equation (2. 8) is quadratic in N2. Hence the
dispersion relation alone does not uniquely determine the
wave vector. Therefore in general two distinct waves can
propagate in different directions in the mediurri. The two
modes are always denoted as R and L waves.
9. 14.. 3 Polarization To Each Mode
In terms of the dielectric constant and for fields that
vary as
we can get the following
expre s s iorj from the Maxwell's equation,:
or (2. 10)
where K is the dielectric constant tensor introduced in
Appendix A.
This equation represents a set of three linear
homogeneous equations. The determinant of the coefficients
gives the dispersion relation which agrees with the result
of equation (2. 9). Besides, the relative magnitude of the
components of the electric field 'vector in Cartesian
coordinates can also be found by the cofactors of the
14
coefficients in equation (2.10) The-ratios---of--the--elect-r-ic.
f ie1 d axe found (Ai1is et al,1969):
(2.11)
(2. 12)
Equailous (2.11) and (2.12) aetermine the polarization
of the waves propagating in the medium.. The direction. of
the electric field can also be found from these equations
(2.13)
where
Therefore the electric field and the magnetic field of an
electromagnetic wave can be expressed as Ee and Eh, where h
These results are useful in considering
reflection and transmission of waves through a boundary
(Appendix B).
2.2 Conditions For Trapping Iiiaveguides
From equation (2.7), the explicit form of k can be
found. For each value of Ns2, there are two different
values of Nx2, and :
(2.14)
O
Notice that k,, can be complex even if N,A and oo are real.
Consider the case when k. is complex, i.e., = k +
ikj, where k , kj are real quantities. The fields become
varying as exp(-k]-x + ikx). Hence the amplitudes of the% %
fields decay exponentially in x-direction. The field energy
stored in the medium decreases as x increases. Since, the
A
medium is assumed to be lossless, by energy conservation,
energy cannot propagate along x-direction. In Chapter III,
we shall show that if k is a complex number, the magnitude
of the x-component of the Poynting vector is sero.
The conditions for complex k are discussed here
There are two different cases :
(i) If the discriminant of equation (2.7) is less than
9
sero, Nx as well as Nx are complex. Hence the condition
for complex k_ is :
This condition holds if P is negative, i.e., oop2 co2 and :
16
(ii) If the discriminant of the expression for Nh2 in
equation (2.7) is greater than zero, the value of N. can be
either real or purely imaginary.
Although NX is real, N. becomes purely imaginary if
Nx2 is negative. On the other hand, if NX2 is positive,
then 1-1. is real.
Hence the condition for complex kv is:
or 0
2S
However, since there are two roots of Nx2 in equation
(27), the roots may be both positive, both negative or one
positive and one negative. We should note that only the
mode with real Nh can propagate along x-direction in the
medium. The conditions for trapping will be displayed in




3.1 Trapping In Parallel-plane Ducts
Consider a system containing three layers of plasma
media in contact. The interfaces are parallel to the y-z
plane. Each medium contains homogeneous magnetoplasma. The
applied magnetic fields are parallel to the z-axis (Fig.3).
Waves will be trapped to propagate in the central medium
(Medium I) if the waves cannot propagate along the
transverse direction (x-direction) in the outside medium
(Medium II). In this case, Nx is complex outside the
wavegu ide.
From equation (2.3), the source free solution of the
electric field in Medium II is:
(3. 1)
where C1, C2 are arbitrary constants kx and kx' are
the x-cornponents of the wave vectors of the two allowed
modes in the medium. The values of kx and kx' can be found
from equations (2.7) and (2.14).
We are now going to consider the Poynting vector of the
wave along x-direction when k is complex. The Poynting
vector is defined as:
18
Medium I
Medium II Medium III
Fig-3 Three Layers Of Plasma Slabs In Contact.
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where E and B are varying as exp{i(k-r- wt)] for plane
waves in medium II and B is the complex conjugate of B.
The real part of the Poynting vector indicates the
time-average electromagnetic power flowing out. Hence the
real power flow along x-direction is:
where K is a constant.
(3. 2)




Substitute equations (3.3) and (3.4) into (3.2), we obtain:
3. 5
20





where NR and NI are the real part and the imaginary part of
Nx respectively (i.e,. Nx = NR + iNI)
Making use of equations (3.6) and (3.7), it is easy to
show from equation (3. 5) that
Therefore there is no real electromagnetic power flow
along x-direction. The result implies, that the plane wave
with complex k,x cannot propagate in such direction in a
parallel-plane waveguide
3.2 Trapping In Cylindrical Ducts
We are now going to consider a duct with circular cross
section. The duct is formed by a homogeneous magnetoplasma
<S>x = 0
rod (medium I) which is surrounded by another homogeneous
magnetoplasrna medium (medium II). The applied magnetic
field is again along the s-axis (Fig.4). Cylindrical wave
is propagating in the s-direction.
We assume that the electromagnetic wave is trapped
r. inside the magnetoplasrna rod (medium I). The values of the
transverse component of the wave vectors (kp) outside the
rod are complex . Here kp is the radial—wave—number and
vs. a.
satisfying-equation (2.5). In fact, the values of kp are
determined by the electron density n, the applied magnetic
field B, the wave frequency co and the z-component of the
wave vector ks. If the value of co, B and n are given, kp is
only determined by k. The value of k„ is related to the
«li tCk
angle 0 between the wave vector k and the magnetic field
B . Hence, once k3 of the wave is given, the values of kf
both inside and outside the waveguide can be calculated fron
the dispersion relation in that medium. If the values of k
are complex outside the duct, then the wave is trapped. The
geometry of the ducts and the variations of the electrot
[ density or magnetic field in the boundary regions are no1
important factors to affect the ducting process. This
r
result is so general that it holds for all homogeneous
]
magnetoplasrna waveguides with arbitrary shape and boundary.
For the longitudinally magnetised duct with circula:
cross section, the general solution to equation (-2t-3-) ii
medium I is given by :
1 The relation between and 0 isu
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Fig-4 Longitudinally Magnetized Waveguide With Circular
Cross-section.
(3.8:
where Aj_ and are arbitrary constants; Jm(kpP) is the
Peonel funoti nn nf the f i rat kind of order m.
The general solution to equation (3.1.13) in medium II is
(3.9)
where x and are the
%
transverse components of the wave vectors of the two allowed
modes in the medium.
Now, we consider the Poynting vector of the wave along
P-direction when kn is complex.
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With the aid of equation -(9. 21) of William P. Allis,
Solomon J. Buchsbaum and Abraham Bers (1969)-,-—we ~ car
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calculate the components of the fields that are tangential





We can easily show that:
which is purely imaginary.
Therefore
Hence there is no real electromagnetic power flow along P-
direction outside the duct.
3.3 The Effect Of Boundary
In Appendix B, we have .seen that if a wave is incident
on the interface of two anisotropic media, in general two
waves will emerge to each medium. However, in case a sharp
boundary (i.e., an abrupt change in the properties of the
plasma within a distance of a wavelength in the boundary)
does not exist, the result may be quite different.
When the density of plasma between two adjacent
homogeneous media is varying slowly in space, the boundary
region can be considered as a layer of quasi-homogeneous
plasma. Here, the slow rate of variation means that the
gradients in the concentration and refractive index are both
small. More exactly, the fractional changes of the electron
density and the magnetic field are considered to be much
less than unity within a distance of the order of a
wavelength in the medium. In this case, the approximation
of geometric optics is applicable (Ginzburg, 1961).
Consider a wave propagates from an anisotropic
homogeneous magnetoplasma medium (medium I) to another
anisotropic homogeneous magnetoplasma medium (medium II). A
layer of inhomogeneous magnetoplasma (medium III) is
26
situated between medium I and medium II. The properties of
the plasma in medium III are varying continuously. We try
to consider the wave propagation in this system. For the
sake of simplicity, we are disregarding absorption in the
media.
Using the approximation of geometric optics, when a
wave is incident on the boundary, reflected wave may be
neglected. Only a transmitted wave can propagate through
the interfaces as shown in Fig 5. If the normal component
(x-component) of the refractive index changes to complex at
certain position in the boundary region (medium III), then
total internal reflection will occur at that place. The
wave cannot emerge into medium rits (Fia.,-
Although the incident wave belongs to one of the two
allowed modes in medium I, the other mode will not be
induced if the properties of medium III are slowly varying.
That is the wave cannot be induced to propagate into the
medium II even the x-component of the refractive index of
the other mode in medium II is real.
Note that reflection of wave in the interfaces can only
be observed only if the properties of the boundary medium
are not slowly varying (i. e., the approximation of geometric
optics is inapplicable). The waves of different modes can
also transformed into each other through the boundary.
27
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Medium I Medium II
Fig.6 Total Internal Reflection In A Continuous Medium
(Medium III).
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We can conclude that waves can be trapped in a duct
under the following conditions:
(i) in case of a sharp boundary, the transverse
components of the refractive indices of the two modes
outside the duct are both complex. Note-that there is no
restriction on the transverse components of the' refractive
indices inside the ducts. If the values of N. are complex
inside the duct, then the solution of the field becomes the
combination of s inh (kxx) and cosh (k„x) instead of the
exponential form in equation (3. 1). This latter porperty
cannot be obtained from the ray theory.
(ii) in case of a slowly varying boundary layer, the
transverse component of the refractive index inside the
waveguide is real while the transverse component of the
refractive index of the same mode outside the waveguide is
complex. There is no restriction on the value of the
transverse component of the refractive index of the other
mode.
In the ionosphere, the properties of the plasma are
usually assumed to vary slowly in space. Therefore the
approximations of geometric optics can be applied to discuss
the travelling of whistler waves in the ionosphere.
30
CHAPTER IV
TRAPPING CONDITIONS OF WHISTLER WAVES:
DIAGRAM REPRESENTATION
Since the Celmrmmow-Mul laly-Allis (CMA) Diagram is
commonly used in discussing cold plasma waves, we are now
going to display the conditions for whistler ducting in a
diagram which is similar to the CMA diagram. The diagram is
a plot of Q/w vs. wp2/w2 or, equivalently, a plot of
magnetic field B against electron density n. We divide the
diagram into several regions by considering the constraints
for complex N. In each region we can find out whether
waves can propagate in the transverse direction under the
given conditions.
4. 1 Diagram, Construction:
In Section 2.2, we have discussed to conditions for
complex t3, td can be purely imaginary or has both non-zero
real part and imaginary part. It depends on the value of
the discriminant A in equation (2.7) where
4.1.1
31
NX is compie anu rias both non zero real part andx
imaginary part.




Simplifying equation (4.) with equations (4.2) and (4.3),
we obtain
(4. 4)
A graph of Y vs. X is plotted for N.= 1.6 in F ig. 7.
The shaped part represents the region where% is less than
zero or the values of N are complex. rig. 8 shows the
variation of the curve for different values of Nn. is
greater than zero in the unshaped regions. N. can be purely









Fig,8 Variation Of With Different N
z.
The conditions for obtaining purely imaginary Hx, or two
O




The constraints are discussed separately :
(i) From above, - 4AC - 0
(4.4)
The unshaped region in Fig.7 represents the region where a
is greater than zero.
(ii) Consider BA = 0
(4. 5
After simplifying with equations (4.1) and (4.2
35
(4.6)
Equation (4. 5) has a singularity at S 0, or:
(4.7)
The sign of B/A will change as the value of S varies from
positive to negative.
Two graphs for equations (4.6) and (4.7) are drawn with
NZ= 1.6 and NZ= 0.5 in Fig. 9 and Fig. 10, respectively. We
notice that the graphs are quite different for N'Z >1 and N.
1. In the diagram, the shaped parts represent regions
that satisfying B/A >0.
(iii) Uonsider U/A =0
i.e (4.8)






or for L-wave (4. 10
The graphs for equations (4.9) arid (4.10) are plotted
with Ns - 1.6 and Ms = 0.5 in Fig. 11 and Fig. 12
respectively. Note that due to the singularities of the
function CA, the graphs change sign at S = 0 and at X = 1.
The shaped parts represent the regions where CA 0.
The results from Sections 4.1.1 and 4.1.2 are
summarised. Integrated diagrams for Ns — 1.6 and Ns = 0.8
are drawn in Fig.13 and Fig.14. The diagrams show regions
O O
where both roots of Nx are complex or only one root of Nx
is complex. In the diagrams, we denote :
4. 2 Conditions For Ducting Due To Variation Of Electron
Density Or Magnetic Field
Consider a wave travelling in a longitudinally
magnetised, homogeneous plasma medium of a given co and k„. Z
Using the method suggested in the last section, a diagram

Pig.12 N = 0.5
z
TtJ ~ T -2 XT — 1
Both N and N are comple:
x+ x-
N is real, N is comple:
x+ x-
N is complex, N is re?
Both N and N are re?
x+ x-
Both N , N are complex,
x+ x—
N is real, N is complex,X-f x—
Both N and N are real.
x+ x-
Pig.14 N = 0.52
can be drawn to show the regions where the transverse
component of the refractive index N~ is complex. The
electron density and the magnitude of the
rntt?ri=ti n field in the medium can be represented hy
a point in the diagram. If this point situates in the
region where Nx is complex, then we conclude that the wave
cannot propagate along the transverse direction in such
1 T wft
We can apply the result to the waveguide model
mentioned in Chapter II. Let n-p B- be the values of the
electron density and magnetic field inside the duct (medium
I) and rigi B2 be the values of the same quantities outside
the duct (medium II). Hence the coordinates of the points
in thf=! dift£?nftrn ftrp? in Medium I and in
M =»? ? rft T T ' arm
From Chapter III, we know that a sharp boundary ma;
affect the trapping conditions in ducts. Wow we try to us
an alternate presentation to express the conditions fo;
trapping in ducts given in Section 3.3. :
(i) If a sharp boundary exists, the point (X2, Yg) shoulc
lie in the region where all the values of Nx are complex.
There is no restriction on the position of the point
(Xi,Yi), that is, it can lie in any region in the diagram.
(ii) If the boundary layer is slowly varying, then tht.
point (X2j Yg) should lie in the region where at least 0n
value of Nx is complex. Besides, the point (X, Y) should
lie in the region where Nv of the same mode is real.
As an example for the application of our results, we
consider the propagation of whistler waves in the ionosphere
of the earth. The wave frequency is taken to be 10 kHz. Ir.
the inner magnetosphere, the electron gyrofrequency is about
374 kHz (Volland, 1932). The electron density is
approximately taken as 10- cm~ at 1000 km above the grounc
(f. x Fi.fi4v106
'
From these data a point P(X-, Y) is plotted in our
diagram. One can easily find that this point always lies in
the region where both Nx+ and Nx_ are real (Fig.15). Note
that since the scale of this diagram is much smaller than
the previous diagram, the structure of the graph at X = 1
cannot be shown clearly. The point is close to the straight
line BA = 0 if the angle 0 between the wave normal and the
magnetic field is small. If 0 is large, the point is close
to the parabola B2 - 4AC - 0. In case the wave is
propagating in a density crest, the electron density of the
plasma in the medium outside the crest gives the value of Xg
which is less than Xj_. The point Q(Xo, Yj_) is always lying
in the region where Nx+ is real and Nx_ is complex. Hence,
the wave can be trapped in the crest if the properties of
the boundary layer vary si owl?.
Fig»15 Trapping Of Whistler Waves In Ionosphere.
CHAPTER V
COMPARISON WITH EXPERIMENTAL RESULTS
Awn ppTrvmnq THPOPV
?i 1 Vpri f i -i on Of Rppprit rnrih«
Laboratory experiments had been performed by Stensel
(1976a, 1976b) to observe large amplitude whistler waves.
%•
The waves were launched in a large uniform magnetoplasme
from antennas which produced a diverging energy flow in the
linear regime. An electron density depression (duct) was
created by the radiation of a high power wave. The duct was
found to guide small amplitude whistler waves over a wids
rans'e of freauencies.
In these experiments the density troughs were narrow
The diameter of the duct was in centimeter order (Stensel
1976b). This value was comparable with the wavelength o
4- V =» 5 J
As an application of our theory, we are now going t
discuss the data of an experiment performed by Stense
(1976a). It is given that the frequency of the whistle
wave is w2tt - 180 MHs. The ratio of the wave frequency ar
the gyrofrequency is toft = 0.63. The ratio of the plasn
frequency outside the duct and the gyrofrequency is ooft Jbr
19. The s-component of the wavelength of the whistle
wave is 4 era before the duct is formed and 8 era after the
duct is formed. From the values of X3, we can find the
change of the s-component of the refractive index :
Ns = 41.7 before ducting and 20.8 after ducting
Using the method mentioned in Chapter IV, two curves
for different values of Ns are plotted in a diagram
A point F is plotted in the diagram;
where ant
We find that the point P lies in the complex Nx region
of the graph with = 20.8 (after ducting) and lies on the(6.
real Nx region of the graph with Nz = 41.7 (before ducting).
From this diagram and using the argument mentioned in
Section 4.2, we may conclude that the whistler wave cannot
propagate along the transverse direction outside the density
trough. Hence, it is trapped to propagate along the duct.
When a trough is formed, the electron density is
decreased Hence tv ) inside the duct
AvtntVior - 4 v»-f ) is plotted, wher (insid
the duct) and y-y (since the magnetic field is uniform)
The point also lies in the region where is complex. Thii
result which cannot be explained by the ray theory does no-
surprise us. From Section 3.3 we have already deduced tha
the wave with complex Nx can still propagte inside the due






As a second example, we consider another set of data of
the experiment performed by Stenzel (1975b, page 869). The
parameters of the whistler waves in this experiment are
given by
The density of the electron outside the.duct is
The z-component- of the wavelength of the whistler wave
is 9.7 era before the duct is formed and 12.2 cm after the
duct is formed. Hence the corresponding values of N. is
32.6 and 25.9 respectively.
The diagram is drawn in Fig. 17. A point Q(X2', Y2') is
plotted in the same diagram,
where
The point Q is found lying in the complex N. region of
the graph with N.= 25.9 (after ducting) and lies in the
real N. region of the graph with N.= 32.58 (before
ducting). From this diagram, we may conclude that the





T v. -P r-j ri4- •Pvn»r r»i i v» 4-K zr±s~ wi r i.ja % o v» rs v» c»rl n -+ -f- V» c» 4- i £ivv 4 Kc»
J44-4 v-P i-. vy-4 (these conditions are
satisfied in Stensels experiments), waves from a source,
originally diverging in a uniform medium, will -be' get
trapped in a trough. It is because when a trough is formed,
the longitudinal wavelength inside the trough is increased.
Then the value of Ns decreases. In this case, the point
(X2Y2 outside the trough lies in the region where Nx's are
complex of the curve with new N„.
5.2 Comments On Previous Theorv
A ray theory of trapping of whistler waves in field-
aligned ducts is suggested by Smith, Helliwell and Yabrofl
(1960). By making several assumptions (cop » coft and co C
in a lossless medium) and neglecting the contribution o1
ions, the refractive index of the medium becomes a functior
of the wave normal direction in a simple form
where 0 is the angle between the wave vector k and tl
r fiftld R.
Refractive index surface is obtained by plotting I
against 0. By using Snell's law construction, th
refractive index in the medium is related to the wave normal
direction 0. Therefore if a wave is incident from a medium
to another medium, Snell's law construction gives the wave
normal angle of the transmitted ray. Then the path of the
rav can be determined.
Using this theory, the idea of trapping of whistler
waves in ducts is confirmed. The conditions for trapping is
also deduced. Whistler waves can be trapped both in
electron density crest and trough under different conditions
of 0 and coQ. It is easy to show that the results of Smith
et al. agree with our results discussed in this paper.
As mentioned in Chapter I, there are several
limitations in the theory of Smith et al. Since theii
theory has made use of the approximation of geometric
optics, the change in density should be assumed to be ver;
small in the space of a wavelength in the medium. In casi
of existing a sharp boundary, their theory is applicable i:
only one mode is allowed propagating. Besides, th
transverse dimension of the ducts must be larger than ;
wavelength. These assumptions do not suit the experimenta
4-r C4-r.vsr,1 1 Cl ? £ 1 CI 7 V.
In comparison with their theory, our theory makes less
assumptions. The wave theory point of view is applicable ir
situations beyond the limit of the approximation o:
geometric optics. Therefore the experimental results o:
Stenzel (1976a, 1976b) can be explained easily by ou:
theory. Also when using the theory of Smith et al. the
transverse component of the wave vector (k) is assumed tc
be real in performing the Snell's law construction. Under
certain conditions, as mentioned in Section 3.3, this
ft c cm v ft v+ir - v r H V
We also believe that our theory can be of wider
usefulness, since the restrictions on the geometry of the
ducts and the frequency range of the whistler waves have
been lifted. If the conditions (electron density n,
magnetic field B) of the regions both inside and outside the
duct are given, we can easily deduce from our diagram
whether the whistler waves can be trapped by considering the
o ttv-L -qri 1 iviCrfC: CAT C-C, — —
value of Ns. The geometry of the duct can be arbitrary.
Besides, our theory is still valid even if both the electron
density n and the magnetic field B of the system are not
uniform. The trapping condition is clearly shown by the
positions of the points with coordinates (4TTnemoo,ftco).
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LONGITUDINALLY MAGNETIZED. HOMOGENEOUS PLASMA WAVEGUIDES
We shall discuss plasma waveguides with uniformity in
the z-direction. The orientation of the external magnetic
field B are parallel to the z-axis. The solutions of the
propagating electromagnetic fields, satisfying Maxwell's
equations, have an z-dependence of the form exp(ik3z), where
1 O v» t r»-p 1.101m lr
The electric and magnetic fields propagating in the
(A. 1)
(A. 2
In these equations, a subscript _l on the vectc
quantities indicates that the vectors are in a plar
Ts£kv%rs£.v%1 n 1 +• o f'Kzi r»_c.vi r
Starting from the eauation nf mntirin n-f r =•-+
(A
The current density can be found from the above equation and
MQ 1 1 m iiT»nc»4 -iV o •
(A.4:
where (5 is the A.C. conductivity tensor;
It is convenient to introduce an A.C. (effective) dielectric
M M « —M 111 II —.4 ! n IMk if •
(A. £
so that the displacement vector is iven h
If we assume the direction of the magnetic field B is alor
the positive s-axis the explicit matrix form of tt
i • i
(A.
The expressions for P, S, D are given in Section 2.1.
The wave equations can be found from Maxwell's
• t










After combining the above six equations, the wav
equations for the 2-cornponents of the electric and magneti
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REFLECTION AND REFRACTION AT A SHARP BOUNDARY
Chen (1983) has discussed the reflection and refraction
of a plane wave travelling from an isotropic medium to an
ariisotropic medium. This problem is now presented in
Section B. 1. The cases discussed in Sections B.2 and B.3,
to our knowledge, have not been considered before.
B. 1 Wave Travelling From Vacuum To, An Anisotroplc Medium
We are now going to consider a monochromatic wave
travelling from vacuum to a magnetoplasma. The interface of
the two media is described by the y-z plane and the ambient
magnetic field B is along the z-direction (as shown in
Fig. 18). Everything is assumed to be y-independent.




wrzere ki is the wave vector of the incident wave, and ki is
the unit vector of ki.
Vacuum
Plasma Medium
Fig.18 Wave Travelling iYom Vacuum To Anisotropic Plasma Medium.
Similarly, the reflected fields are :
(B.3)
(B. 4}






Note that if the incident wave vector k is given, th
other wave vectors kr , kj. , k.' can be found from th
dispersion relation in that medium. The unit vectors 6 ar.
can be deduced from the polarisation of the wave i
lo-f n avi c f O 1 1 avsl Q 1 O
Since the tangential components of the electric a
magnetic field are continuous, we have :
T 7 • i
(B. 9)
(B.10)
Equations (B.9) and (B.10) are dotted by the unit vectors y
N
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By treating these four equations in matrix form, ve a
obtain the relation between the incident field and tl
% I 1 f% m 11
(B. 1
Multiplying both sides of equation (B.15) by the
inverse coefficient matrix, we can find the magnitude of the
refracted fields :
(B. 16
Where the transmission coefficients are given by
Note that, in general, there are two refracted wave
emerging in the anisotropic plasma medium. However, we ca
see from equation (2.7) that for certain value of N , N 'tLi J.
may be complex. We shall later show that the waves wit
complex Nx cannot propagate along the x-directiorj
Therefore, there may be only one or even no refracted wa~v
in that medium. The conditions for complex Nx will be
discussed in Chapter III.
B.2 Wave Travelling From An Anisotropic Medium To an
Isotropic Medium
In the last section, we have seen that two distinct
waves can be induced in an anisotropic medium. Therefore if
a wave is travelling from an anisotropic medium to an
isotropic medium, we should expect that there will be two
%
reflected waves.
In this section we shall consider a monochromatic wave
travelling from a magnetoplasma medium to vacuum. The
boundary of the two media is also described by the y-z
plane. The magnetic field B is again along the s-directior
(as shown in Fig.19). Everything is y-independent.




Ei, B represent one of the two modes in the
magnetoplasma medium incident to the vacuum medium. The
Plasma Medium Vacuum
Pig.19 Wave Travelling Prom Anisotropic Plasma Medium To Vacuum.
direction of this mode can be determined by the wave vector
k.; from equation (2.13).






The fields of the transmitted wave are :
(B.23)
(B.24)
Performing the similar algebra as in the Section B.1, we can
easily obtain the relation between the incident field and




The reflectants are :
(B.27)
(B.28)
Hence we can see thai: there are in general two reflected
waves. In this case, we should notice that one of the roots
of equation (2.7) may be complex. Therefore, there may be
only one reflected wave obtained.
B. 3 Wave Travelling From An Anisotropic Medium To
Another Anisotropic medium
When a monochromatic wave travels from a rnagnetoplasma
medium to another rnagnetoplasma medium, two reflected waves
as well as two refracted waves will be given out. The
problem is illustrated in Fig.20. We make assumptions just
the same as in Sections B.1 and B.2.
The incident fields are given by :
Plasma Plasma




Ei, represent one of the two allowed modes incident on
the interface.










Similar algebraic manipulation as Section B.1 is performed.









Hence there are in generai two rest iectea waves ana two
transmitted waves. However, as mentioned before, the x-
component of the refractive indices of the reflected waves
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